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INTRODUCTION 
This paper grew out of a desire (stimulated by a paper of Frank 
Forelli [9]) to g eneralize to the context of C*-algebras a classical 
theorem of F. and M. Riesz on the absolute continuity of “analytic” 
measures on the unit circle. It soon became evident, however, that 
the methods involved could be applied to a variety of problems 
concerning groups (especially one-parameter groups) of *-auto- 
morphisms of operator algebras. 
For instance, a familiar theorem of Kadison [13] and Sakai [18] 
asserts that every derivation of a von Neumann algebra is inner. Using 
this result, Borchers [5] proved that one-parameter groups of 
*-automorphismsof von Neumann algebras, which arespatiallyinduced 
by certain types of unitary groups, are actually inner. Dell’ Antonio 
[7] obtained Borchers’ conclusion by making assumptions on the 
action of the automorphisms themselves. Both papers [S] and [7] 
use in an essential way the above result on derivations and are 
intrinsically nonconstructive. 
In Section 3 below, we give a necessary and sufficient condition for 
a one-parameter group of *-automorphisms to satisfy Borchers’ 
conclusion. This gives as a corollary a new proof of the result of [5] 
(in one variable) which is independent of the derivation theorem and 
which also provides an explicit construction of that Hamiltonian 
which gives minimum (nonnegative) energy. In turn, we are able to 
give a relatively simple constructive proof of the derivation theorem 
itself in Section 4. 
In Section 5, the theorem of F. and M. Riesz is generalized to give a 
sufficient condition for the covariance of certain representations of 
C*-algebras relative to a one-parameter group of *-automorphisms. 
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Finally, we want to thank Oscar Lanford for some helpful conver- 
sations relating to quantum field theory. 
1. PRELIMINARIES 
Let S be a locally compact Hausdorff space, and let X be a (complex) 
Banach space. In the sequel, we shall have to form integrals of certain 
X-valued functions on S. Since X is not necessarily separable, it can 
easily happen that the Bochner integral does not exist (e.g., X might 
be a von Neumann algebra and the function might be continuous in 
the weak operator topology but badly behaved in the norm topology). 
Indeed, recall that any function whose range is not essentially norm- 
separable cannot be Bochner-integrable [12, pp. 72, 801. On the 
other hand, such functions may be weakly integrable, but, unfor- 
tunately, the value of the usual weak integral is often a vector in X” 
rather than X. 
What we need here is an integral which is somewhere between the 
Bochner integral and the usual weak integral and, more importantly, 
is workable in a rather diverse range of settings. For the sake of 
completeness, we have devoted this section to a discussion of these 
somewhat peripherial issues; the reader may wish to skip directly to 
Section 2 after absorbing the notation. 
The setting is as follows. We are given, along with a complex 
Banach space X, a linear subspace X, of the dual X’ of X. By an 
abuse of language, we shall refer to the X,-topology on X as the weak 
topology. In general, X, need not be closed in X’. Assume further 
ASSUMPTION 1.1. N II x II = sup{1 ~(41: P E X, , II P II < 11 for 
every x E X, and 
(ii) the weakly closed convex hull of every weakly compact set in X 
is weakly compact. 
Property (ii) is a type of weak completeness for X, though (ii) is 
much less stringent than the usual notion of completeness [3] for 
topological vector spaces. For example, if we take X, = X’, then (ii) 
follows from a theorem of Krein and Smulian [8, p. 4341, while X is 
rarely complete in its weak topology. As a second example, if X is the 
dual of a Banach space and X, is the space of all weak*-continuous 
linear functionals on X, then (ii) is immediate from Alaoglu’s theorem. 
We will encounter a number of other examples below. 
Now let 5’ be a locally compact Hausdorff space, and let x: S -+ X 
be a norm-bounded weakly continuous function. Fix p, a complex 
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regular Bore1 measure on S (of finite total variation). Then we may 
define a bounded linear functional f on X, in the usual way: 
We shall require the fact that f corresponds to an element X: 
PROPOSITION 1.2. Assuming X satisfies Assumption 1.1, there is a 
vector x E X such that p(x) = Js p(x(s)) C&(S), p E X, . 
Proof. Let f be the linear functional on X, defined by the 
preceding formula, and assume first that p has compact support C. 
Now to show that f (p) = p( x ) f or some x E X is equivalent to showing 
that f is continuous in the X-topology of X, , and since the Mackey 
topology on X, (determined by the canonical pairing of X and X,) 
has the same continuous linear functionals as the X-topology [4, p. 691, 
it suffices to show that f is continuous in the Mackey topology. For 
that, it is enough to show that there is a compact convex circled subset 
L C X such that / f (p)j < c SUP,.~ 1 p(x)l, p E X, , where c is a positive 
constant. Now a simple estimate using the definition off shows that 
I f(P)lG Ii cL II “,z$ I P(x(s))i. 
The set (x(s): s E C} is weakly compact (by weak continuity of x(e)) 
and therefore so is K = {Xx(s): s E C, h E @, 1 h i = 11. By Assumption 
l.l(ii), the weakly closed convex hull L of K is a weakly compact 
convex circled set in X, which contains the range of a~(.) and satisfies 
If (p)l G II P II SUP,,~ I ~(~11, as required. 
In the general case where p does not have compact support, there 
are compact sets C, _C C,+, in S such that I TV \(S\C,) + 0, / p 1 
denoting the variation of TV. By the preceding paragraph, we can find a 
sequence x, E X such that 
p G X, . A simple estimate now gives 
I P&J -f(P)1 G II Pll "YP II+) // * Ip w\cJ, 
so that SWlpiial I P(%) -f (P)l -+ 0. By Assumption 1.1(i), x, is a 
norm-Cauchy sequence in X, and thus the limit x = lim, x, clearly 
satisfies p(x) = f (p), p E X, . n 
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We will of course employ the usual notation for this integral: 
x = s x(s) d/A(s). s 
Throughout the remainder of this section, G will be a fixed locally 
compact abelian group. Suppose we are given a Banach space X and 
a linear subspace X, of the dual X’ of X satisfying 1.1. L?(X) (resp. 
5$(X)) will denote the algebra of all bounded (resp. weakly con- 
tinuous) linear operators on X. 
DEFINITION 1.3. A representation of G on X is a homomorphism 
t + U, of G into the group of all invertible elements of 64,(X) such 
that supl 11 U, 11 < CO, and for each x E X, the map t + U,x is weakly 
continuous. 
There is a familiar procedure for passing from representations of 
G on X to representations of the convolution group algebra U(G). 
Some care must be exercised here, however, since representations 
are not continuous in the usual sense. 
PROPOSITION 1.4. Let U be a representation of G on X, and suppose 
X satisjies Assumption 1.1. Let p be a complex measure on G of Jinite 
variation. Then 
Ax = 
s UP 44 
XEX 
G 
dejnes a bounded linear operator A on X. Moreover, if, relative to the 
X-topology on X, , the closed convex hull of every compact set in X, is 
compact, then A is weakly continuous. 
Proof. The first conclusion is immediate from Proposition 1.2. So 
assume that the X-closed convex hull of every X-compact set in X, 
is compact. We need to prove that, for each p E X, , the functional 
A*P@) = PM ) x is weakly continuous. Fix p. We may apply Propo- 
sition 1.2 to the function t E G H UI*p E X, (taking the X-topology 
on X, as its weak topology) to conclude that there is a u E X, such 
that +> = .fG U~*P(X) 4-49, x E X. Clearly u = A*p, and the proof 
is complete. n 
Now assume X satisfies Assumption 1.1, and choose f E Ll(G). 
Applying this proposition to the measure dp(t) = f (t) dt (dt denoting 
Haar measure on G), we obtain an operator r(f) E 9(X) via 
df>x = jGf(t) utx & XEX. 
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A routine verification shows that v is linear, satisfies 7r(f *g) = 
r(f) x(g), and is bounded (i.e., II r(f)11 < supt II u, II * Ilflll). More- 
over, the usual sort of approximate identity argument shows that the 
linear span of the ranges of all operators z-(f), f ill, is weakly 
dense in X. 
We shall have to imitate this process in certain spaces of linear maps, 
as follows. Let X (resp. Y) be a Banach space satisfying Assumption 
1.1 relative to X, (resp. Y.J, and let U (resp. V) be a representation of 
of G on X (resp. Y). Then the pair U, V determine an action 4 of G 
on the vector space pm(X, Y) of all weakly continuous operators from 
X into Yin a natural way: +,(A) = VJU:l, A E gm(X, Y). We want 
to give 6p,(X, Y) an appropriate weak topology and describe conditions 
under which I$ becomes a representation of G on pw(X, Y) in the 
sense of Definition 1.3. 
Note first that if Y, is norm-closed in Y’, then every operator A in 
=.C$(X, Y) is bounded. Indeed, if x, E X is a sequence converging to 0 
in norm, then Ax, converges to 0 weakly in Y, and, in particular, 
supn / p(Ax,)l < co for every p E Y, . The Banach-Steinhaus 
theorem implies that sup% I/ Ax, // < co, and it follows easily from 
this that A is bounded. In this case, each #t is a bounded operator on 
the normed linear space 6p,(X, Y), and, in fact, sup, // +f I( < 
suPl II v, II * II u-i II < 0. 
For each p E Y, , x E X, we obtain a bounded linear functional 
P 0 x on X(X, Y) in the usual way: p @ x(A) = p(Ax). 2$(X, Y), 
is defined to be the norm-closure of all finite sums Ci pi @ xi . 
We shall also make the additional blanket hypotheses on X, Y, 
and V: 
HYPOTHESIS 1.5. (i) X, (resp. Y.+) is a norm-closed subspace of 
the dual of X (resp. Y). 
(ii) Relative to the X-topology on X, , the closed convex hull of 
every compact set in X, is compact. 
(iii) For each p E Y, , the function t -+ Vt*p moves continuously 
in the norm of Y, . 
We remark that (iii) can be replaced by a dual condition on U; see 
Remark 1.7. 
PROPOSITION 1.6. Under Hypothesis 1.5, Z$,(X, Y) is a Banach 
space satisfying 1.1, and 4 is a representation of G on 5$(X, Y) in the 
sense of Definition 1.3. 
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Moreooer, for each f ELI(G), the operator m(f) on gW(X, Y), 
de$ned by 
+)A = Scf(t) M4 4 
is weakly continuous relative to the yW(X, Y),-topology on ZW(X, Y). 
Proof. To see that Pw(X, Y) is norm-closed in 9(X, Y), let A, 
be a sequence in 2$(X, Y) converging in the operator norm to 
A E 9(X, Y). Then for each p E Y, , Ij An*p - A*p Ij --t 0, and from 
Hypothesis 1.5(i), we see that A*p E Y, . The weak continuity of A 
is immediate from this. 
To see that + satisfies Definition 1.3, it remains only to show that 
for each A E 2&&(X, Y), FE 52QX, Y)* , F(#,A) is continuous in t. 
For A fixed, the set of all F’s with this property is clearly a norm-closed 
linear space in Zw(X, Y)‘, so it suffices to prove this for F = p @ x, 
p E Y, , x E X. In this case, F(+,A) = p( V,AU&) = (V”,*p)(AU;‘x). 
A simple estimate shows that 
and, hence, F(+,A) - F(rjfOA) -+ 0 as t -+ t, . 
We now show that gw(X, Y) satisfies Assumption 1 .l(ii) (1.1(i) is 
obvious). Note first that every bilinear form (x, p) defined on X x Y, , 
which is separately continuous in the sense that x + (x, p) is weakly 
continuous for fixed p and p -+ (x, p) is continuous in the Y-topology 
on Y, for fixed x, determines an operator A E 2&(X, Y) via (x, p) = 
p(Ax). Indeed, for each x E X, the continuity in the second variable 
implies that there is a vector Ax E Y such that (x, p) = p(Ax), p E Y, . 
A is cearly linear, and it is weakly continuous because of the con- 
tinuity of (x, p) in x. 
Now let GC C Zw(X, Y) b e a compact set in the 2$(X, Y)*- 
topology. Let B be the convex set of all regular Bore1 probability 
measures on 2?. For each p E 8, define a bilinear form ( , ), on 
X x Y, by 
We assert that this form is separately continuous in the sense of the 
preceding paragraph. For that, first fix p E Y, . Now the weak topology 
on X has the same continuous linear functionals as the Mackey 
topology (determined by the canonical pairing of X and X,). So to 
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prove that (x, p), is weakly continuous in x it suffices to produce a 
compact circled convex subset L C X, such that i (x, p), j < 
SUP,,~ j u(x)l. Now, since the map A E 6p,(X, Y) ---t A*p E X, is 
ww(X Y), 3 x>- con inuous, t the set K = (A*p: A E x> is compact 
in the X-topology of X, . Therefore, {XFZ: X E @, I h j = I, K E K) is 
compact, and, by Hypothesis 1.5(ii), so is its X-closed convex hull L. 
Now, by definition of ( , ), , we see that 
and the assertion follows. The proof that, for fixed x, p + (x, p}, is 
Y-continuous is an obvious dualization of the argument just given 
(using the fact that Y satisfies Assumption 1 .l(ii)) and is left for the 
reader. 
Thus, we may conclude that, for each p E 8, there is an operator 
A, E L$,(X, Y) satisfying p(A,x) = Jx p(Ax) &(A). It is clear that 
iA IL : p ES} is a convex set in 2,(X, Y) which contains 3?. Thus it 
suffices to show that this set is J$(X, Y),-compact. Now 9 is 
identified with a subset of dual of the Banach space C(.Z?), the space 
of all continuous complex-valued functions on L%‘“, and 9 is compact 
in its relative weak* topology (by Alaoglu’s theorem). Thus it suffices 
to show that the map p + A, is (weak*, 22$,(X, Y),)-continuous. 
Now for each FE sw(X, Y), , the map A E 3? --f F(A) is continuous 
(by definition of the weak topology on 2$(X, Y)) so that 
is a weak*-continuous function of CL. On the other hand, if F is a finite 
sum C pi 0 xi , then F(Ap) = JxF(A) &(A) follows from the 
definition of A, . Since every F E gw(X, Y).+ is the norm limit of a 
sequence F, of such finite sums, an application of the bounded con- 
vergence theorem now implies that the formula F(A,) = Jx F(A) +(A) 
persists for arbitrary FE 2w(X, Y).+ . The required continuity of 
A, in p is now evident. 
Now adopt Assumption 1.5(iii), and let p be a complex regular 
Bore1 measure on G of finite variation. We have to show that the 
operator z,L on 9%,(X, Y) defined by $4 = sG +,(A) &(t) is continuous 
in the LQX, Y),-topology or, equivalently, that for each 
F E %Xx, Y)* , the functional A -+ F(a,bA) is gw(X, Y),-continuous. 
This clearly reduces to the case where F has the form p @ x, p E Y, , 
x E Y. 
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Assume first that the measure p has compact support C C G. Then 
one has p @ x(&4) = Jc p( V,A UT%) +(t) = Jc Y,*p(A U$V) &(t). 
We will show that the functional A -+ p @ x(&4) can be norm- 
approximated by functionals of the form X:=1 pi @ xi . Fix E > 0. 
Then by Hypothesis lS(iii), the set {VI*p: t E C} is norm-compact 
in Y,, so there exists p1 ,..., pn E Y, such that every element V,*p, 
t E C, is within E of some pd. Let ES = (t E G: 1) Vt*p - pi 1) < E}, 
1 < i ,< n. Then each Ei is closed in G, and we put Fl = El, 
Fi = Ei\(E, U ... u E&, 1 < i ,< n. For each i, define xi E X by 
(here, we use the fact that X satisfies Assumption 1.1). Now for each 
i, we have 
Since E is arbitrary, the claim follows. 
In case p does not have compact support, we can find compact sets 
G c CT&+1 in G such that / p I(G\C,) + 0 as n -+ co. As in the 
preceding paragraph, we find F, E 5$(X, Y)* such that 
for every n. The sequence F, clearly converges in norm to 
A 3 p 0 X(W)> and the proof is complete. n 
Remark 1.7. We note that Hypothesis lS(iii) can’ be replaced 
with a dual condition on the action of U, viz. lim,,, 1) U,x - x 11 = 0 
for every x E X. The proof, a verbatim dualization of the argument 
just given, is left for the reader. 
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2. THE SPECTRAL SUBSPACES OF A REPRESENTATION 
Throughout this section, G will denote a locally compact abelian 
group. Let X be a complex Banach space, and let X, be a linear 
subspace of X’ such that X satisfies Assumption 1.1. Let U be a 
representation of G on X in the sense of Definition 1.3. 
The purpose of this section is to examine certain “spectral” 
subspaces of X associated with closed subsets of the character group 
G of G and their connection with the given representation U. While 
related question have been considered by many authors, our require- 
ments in the sequel go somewhat beyond what we have been able to 
find in the literature. 
Let 71 be the representation of L1(G) in 9(X) associated with U as 
in the preceding section: 
4f>x = j-J(t) utx dt, x E X, feLl(G). 
DEFINITION 2.1. (i) The spectrum of U (written sp( U)) is 
defined as the hull of the ideal ker r = {f E Ll(G): n(f) = O}. 
(ii) For each x E X, the spectrum of x (written sp&x)) is the 
hull of the ideal {~EL~(G): n(f) x = O}. 
(iii) For each closed subset E _C G, the spectral subspace M”(E) 
consists of all x E X for which sp,(x) C E. 
Remarks. Recall that if I is any closed ideal in L1(G) and f any 
integrable function whose Fourier transform vanishes on a neighbor- 
hood of hull I, then f E I [15, p. 1511. It follows that if j vanishes on a 
neighborhood of sp( U) (resp. spU(x)), then r(f) = 0 (resp. VQ)X = 0). 
For a closed E c &‘, let I,(E) be the ideal consisting of all functions 
f in U(G) such that 3 = 0 on a neighborhood of E. We also want to 
remark that 
M”(E) = {x E X: n(f)x = 0 for everyfE I,(E)}. 
Indeed, if x E MU(E), then since the transform of every f E I,(E) 
vanishes on a neighborhood of spV(x) we have r(f)~ = 0. Conversely, 
if x E X is such that the ideal (f ELM: .rr(f)x = 01 contains I,(E), 
then sp”(x) is contained in the hull of I,,(E), viz. E [15, p. 841, so that 
x E M”(E). This remark exhibits MU(E) as an intersection of subspaces 
of X of the form (x: +)x = 0}, f EP(G), and, therefore, MU(E) is 
norm-closed. More significantly, if U is such that n(f) is weakly 
cont~$uous for each LED, then the spectral subspaces M”(E) are 
weakly closed. 
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Finally, a well-known Tauberian theorem [I 5, p. 1511 asserts that 
the only closed ideal I in P(G), whose hull is a singleton (w}, consists 
of all functions in L1(G) whose Fourier transforms vanish at w. This 
has as a simple consequence the following result, which we shall use 
frequently below:for each x E X, spV(x) = {O> i@ U,x = x for all t E G. 
In the case where U is a strongly continuous unitary representation 
of G on a Hilbert space X, then Stone’s theorem provides a projection- 
valued measure P(e) on G such that 
In this case, M”(E) is simply the range of the projection P(E) (for E a 
closed set in G). In the case of more general Banach spaces X, nothing 
like Stone’s theorem is known of course, and, in particular, one cannot 
associate projections with subsets of G. Nevertheless, the family 
{MU(E): EC e> ac s t as an effective partial substitute. Note, for 
example, that for an arbitrary family (~9~) of closed subsets of G, one 
has M”(& Ei) = ni MU(&), an immediate consequence of Definition 
2.1. In the case where each operator r(f), f ELl(G), is weakly con- 
tinuous, it can also be shown that AP(E u F) = MU(E) V A&‘(F), 
V denoting weakly closed linear span; we omit the proof since this 
result is not required below. 
The following result asserts that the function E -+ &P(E) satisfies a 
condition somewhat akin to outer regularity for Bore1 measures on G. 
PROPOSITION 2.2. Let U be a representation of G on X such that 
each operator n(f), f ELM, is weakly continuous. Let E be a closed 
subset of C?. For eaery compact neighborhood N of 0 in e, let R(E + N) 
be the weakly closed subspacegene-rated by the ranges of all operators 7r(f ), 
where f runs over all functions in Ll(G) whose Fourier transform has 
compact support in E + N. Then Mu(E) = nN R(E + N). 
Proof. To show that nN R(E + N) is contained in M”(E), we 
note first that spU(+ f) ) x is contained in the closed support of J‘ for 
every f E Ll(G), x E X. Indeed, if 3 vanishes on some open set F 2 C?‘, 
then (g*f)^ = J3 = 0 f or every g E L1(G) for which g is supported 
in F. Hence g*f = 0, and n(g) r(f)x = r(g*f)x = 0. Thus, no 
point of F can belong to sp”(n(f )x), proving the claim. 
Now for each compact neighborhood N of 0 in G and every f E L1( G) 
such that 3 lives in E + N, we have spLl(n(f) y) C E + N for every 
y E X. It follows that R(E + N) C MU(E + N) (because M”(E + N) 
is weakly closed), and, thus, & R(E + N) C &, Mu(E +,%) = 
M”(& E + N) = MU(E). 
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For the opposite inclusion, we want to show that IV”(E) C R(E + N) 
for every N. Fix N, choose x0 E MU(E), and let p be a weakly con- 
tinuous linear functional annihilating R(E + N). We want to conclude 
that p(q,) = 0; since the function t -+ p( U,x,) is continuous, it 
suffices to show that p( U,x,) = 0 a.e. (dt). 
For that, let J be the linear span of all functions f ELl(G) such that 
p has compact support in E + N. Then J is an ideal in Ll(G), and 
clearly the hull of J is contained in the complement of E. Moreover, 
for each f E j, we have Jf(t) p( U,x,) dt = p(n(f) x0) = 0 because 
r(f) x,, E R(E f N). On the other hand, we have seen in the preceding 
remarks that, because each g E I,(E) vanishes on a neighborhood of 
spc(x,), Jg(t) p( U,x,) dt = p(+g) x0) = 0. Thus we have 
s h(t) p(U,x,) dt = 0 
for each 12 in the closed linear span of I,,(E) + J. But since the hull of 
this ideal is contained in E n hull J = a, the generalized Wiener 
Tauberian theorem [15, p. 1481 implies that I,(E) + J is dense in 
Ll(G). Thus, p( U,x,) = 0 a.e., and the proof is complete. n 
We turn now to the main considerations of this section. Let X 
(resp. Y) be a Banach space, let X, (resp. Y.+J be such that Assumption 
1 .l is satisfied, and let U (resp. V) be a representation of G on X 
(resp. Y), all of which satisfy Hypothesis 1.5. Then 4,(A) = VV,AU;l 
is a representation of G on _sP,(X, Y) (relative to dcU,(X, Y)*), and 
moreover, for each DELI, the mapping A -+ JGf(t) $,(A) dt is 
continuous relative to the yw(X, Y),-topology on gw(X, Y). 
Our aim is to relate the spectral subspaces of 4 to those of U and V. 
First, some terminology. Let E be a closed set in G containing 0. 
Then the set S, , consisting of all elements w E G such that w + E C E, 
is an additive semigroup which satisfies 0 E SE Z E. Note that SE = E 
iff E is closed under addition; on the other hand, some obvious 
examples show that SE is often the singleton {O}. Note also that SE 
coincides with the intersection of all translates E - w, where w 
ranges over E. 
THEOREM 2.3. Let U, , V, , and c$~ = V, ’ UT’ be as above, and let 
E be a subset of c which contains 0 and is the closure of its interior. Let 
A E .2&(X, Y). Then A E Mb(SE) isf AM”(E + W) 5 MV(E + U) for 
every w E G*. 
Proof. Suppose first that A E Md(S,). Let w E G and choose 
x E Mr(E + 0). By the remarks preceding Proposition 2.2, to show 
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that Ax E Mv(E + w), it suffices to show that Ax E Mv(E + w  + N) 
for every compact neighborhood N of 0 in G. 
So fix N, and let M be another such neighborhood of 0 such that 
M + M C N. By Proposition 2.2, x is a weak limit of linear combina- 
tions of vectors of the form nU(f) y, where 3 has compact support in 
E+o+M,y~X,and q, is the representation of El(G) associated 
with U. Since MV(E + UJ + N) is weakly closed and A is weakly 
continuous, it suffices to show that An,(f) y E Mv(E + u + N) for 
every such f and y. Now fix f and y, and let 
be the representation of L1( G) associated with4, = Yf * UT’. Then the 
same reasoning shows that A is the limit (in the 5$(X, Y),-topology) 
of linear combinations of operators of the form q(g)B = Jg(t) 4,(B) dt, 
where d has compact support in S, + M and B E sW(X, Y). Thus, 
we need only prove that each vector of the form x = q+(g) B(r,(f) y) 
belongs to Mv(E + w  + N) for g, f, B, y as described. For that, we 
show that 7rv(h)z = 0 for every h E,V(G) whose Fourier transform 
vanishes on E + o + N. 
Choose such an h, and let p E Y, . Then 
After the change of variables u = t, v = s + t, w = r - s and an 
application of the Fubini theorem, the right side can be written 
ss h&4 P( V$ U,Y) dv dw, (2.4) 
where K, = h&&J, fw(s) = f (s + w). Now for each w  E G, the 
Fourier transform of K, is & *SW). Since jW lives in E + o + M 
and 6 lives in S, + M (for every w  E G), t,j. lives in 
a subset of E + o + N. But I% = 0 on E + w  + N, so that &, = 0. 
Thus, K, vanishes a.e., hence the integral (2.4) vanishes, and thus 
h-+-$4 = 0. s ince p was arbitrary, the desired conclusion n,(h)2 = 0 
For the converse, choose A E gW(X, Y) such that 
AMU(E + w) C M”(E + w) 
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for every w  E G; we have to show that A E Mm(S,). Choose x E X and 
f E L1(G) such that p is supported in E. We know that q(f )x = 
Jf (t) Ulx dt belongs to M”(E) (because q,( f )x has its spectrum 
contained in the closed support of 3’). Similarly, for each w  E G, the 
vector 
Yw = j 4)f(t) utx dt 
belongs to MU(E - 0). Next, choose p E Y, and g E,!?(G) such that 
g = 0 on a neighborhood of E. Then the linear functional p = 
Jg(t) Vt*p dt is in Y, and annihilates M”(E) (we have not spelled out 
the proof, but it follows easily from Proposition 2.2, for example). In 
the same way, 
Pw = f 4)&) vt*p dt 
is in Y, and annihilates Mv(E - 0). So, by the hypothesis on A, we 
have 
IS 4s + Of(s) g(t) p(vt’tAu,x) ds dt = ~&b~w) = 0 
for every w  E G. Thus if we put h(t) = fg(s)f(t - s) p(V.&lU,-,x) ds, 
then h is a continuous function in L’(G), and the preceding implies that 
the Fourier transform of h vanishes identically. Thus h = 0, and 
in particular 
s 
g(s) f( -s) p( L’J U;‘x) ds = h(O) = 0. 
This remains true when f is replaced by any translate of itself, so that 
I g(s)f(t - s) p( V&lU;l~) ds = 0 
for every t E G. Now define k(s) = g(s) p( V&lU;‘x), s E G. Then 
k E L1( G), and by the above, k * f = 0, hence L3 = 0. Now since 3 can 
be chosen to be any continuous function having compact support in 
the interior of E whose Fourier transform belongs to U(G), we 
conclude that & = 0 in the interior of E. But int E is dense in E, so that 
& = 0 on E, i.e., 
s 4) g(t) ~&(4x) dt = 0, 
w E E. Since x and p were arbitrary, this means that 
I w(t) g(t) M4 dt = 0, w E E. 
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Now for each w E E, we may consider the representation w * + of 
G on y7w(X, Y) defined by t -+ o(t) c$~ . The last formula implies that 
A belongs to MU’“(E) for each UJ E E. A simple calculation shows that 
Mm+(E) = M”(E - w) (because sp&B) = spd(B) + w for every 
B E 9&(X, Y)), so that A E Mb(E - UJ) for every w E E. The con- 
clusion A E M+(S,) follows after intersectingM”(E - w) over all w E E, 
noting that S, = nwsE E - w. n 
We digress momentarily to deduce the following result (perhaps 
known), which implies that a bounded strongly continuous represen- 
tation is uniquely determined by its spectral subspaces. 
COROLLARY 1. Let X be a Banach space, and let U, V be two bounded 
strongly continuous representations of G on X such that M”(E) C MV(E) 
for every compact set E C C?. Then U = V. 
Proof. Taking X, = X’, we see that Hypothesis 1.5(i) and (ii) are 
satisfied, and V, satisfies the dual of Hypothesis 1.5(iii) (see Remark 
1.7). Let dt = V, * UT’ be the representation of G on sw(X, X) 
associated with U, V. Let (Ei} be the family of all compact neighbor- 
hoods of 0 in % which are the closure of their interior. For each i, 
we have Mo(E, + w) C M”(E, + u), w E G, so taking A = I (the 
identity operator) in Theorem 2.3, we conclude that 
for every i. Now intersect over i, and note that ni Ei = {0}, to obtain 
I E Md({O}), i.e., sp,(l) _C (0). By the remarks following Definition 2.1, 
we conclude that +!(I) is constant in t, from which the conclusion 
U = V is evident. n 
The next corollary involves certain types of additive semigroups 
contained in the locally compact abelian group G, as follows. Let S be 
a subset of G satisfying 
(i) S + SC S, 
(ii) S n -S = (01, (2.5) 
(iii) S is the closure of its interior. 
We remark, incidentally, that 2.5(“‘) m could have been replaced with 
the formally weaker requirement that 0 belong to the closure of the 
interior of S. The simplest example is obtained by taking S as the 
closed positive octant {(x1 ,..., x,): xi 3 O] in G = Iw”. Another 
interesting example where S is the positive “light cone” in the inhomo- 
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geneous part of the Lorentz group. More generally, let G = W x R, 
let 1) * ]I be any norm on W, and put S = ((x, t) E R” x R: I( x 1) < t>. 
See Section 6 for a fuller discussion of this example. 
COROLLARY 2. Let U be a strongly continuous unitary representation 
of G on a Hilbert space #, let S C G satisfy 2.5, and let P(a) be the 
projection-valued measure on G determined by U. Let fit = U, * U,* be 
the group of *-automorphisms of .3(Z) implemented by U. Then for 
every w E G and every A E Z(X), the following are equivalent: 
(i) spB(A) C S + w 
(ii) A[P(S + h)Z] C [P(S + h + w)*] 
for every h E G. 
Proof. Taking as yi”* the dual of &, then of course Assumption 
1 .l is satisfied, as well as Hypothesis 1.5. The representation Vt = 
w(-t) U, has all the properties of Ut , so that+, = V, * U,* = w(-t)pt 
satisfies the hypotheses of Theorem 2.3. Taking E = S in Theorem 
then one has SE = E = S, and we conclude that sp,(A) C S iff 
AiW(S + h) C MV(S + X) f or every h E G. Now since +t = w(-t) fll 
and Vt = w( - t) U, , we see that sp&(A) = sps(A ) - w, and spV(x) = 
spc(x) - w for each x E &. Noting finally that M”(E) = [P(E)%] for 
every closed set E C G, the equivalence of (i) and (ii) is established. n 
Corollary 2 is related to (and generalizes) a result of Forelli [9] 
which deals with the case G = [w, S = [O, + GO). 
3. OBSERVABLES AND POSITIVE ENERGY 
Let 9 be a von Neumann algebra acting on 2, and let 01~) t E [w, be 
a one-paremeter group of *-automorphisms of ~4? which is weakly 
continuous in the sense that, for each A E &7’ and x, y E &‘, the function 
t -+ (a,(A) X, y) is continuous. The main result below gives a necessary 
and sufficient condition for the existence of a strongly continuous 
unitary group U, on Z, which implements 01~ on 9 and also satisfies 
(i) U, E 93, t E R, and 
(ii) sp( U) C [0, + 00). 
Recall that in certain formulations of quantum field theory, a von 
Neumann algebra g appears the algebra of local observables associated 
5sO/I5/3-2 
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with a given system and at represents the evolution of the system in 
time. If U, is a particular strongly continuous unitary group which 
implements CQ , then the infinitesimal generator H of U, (defined by 
U, = ei”) can be interpreted as the energy of the system. Thus, 
condition (i) implies that H is affiliated with W (i.e., energy is an 
observable), and (ii) asserts that the energy is nonnegative (we remark 
that some conventions require opposite signs from the above; we shall 
ignore this minor point). 
We first want to recall the fact that weak continuity actually implies 
a much stronger type of continuity. Let 9Z.+ be the predual of 9Z 
consisting of all ultraweakly continuous linear functionals on 9: 
PROPOSITION 3.0. Let 01~ be a weakly continuous one-parameter 
PUP of *-automorphisms of W. Then for each p E 9Z* , the function 
t -+ q*p moves continuously in the norm of 9* . 
Proof. Note first that since *-automorphisms are automatically 
ultraweakly continuous, the adjoint at* of each CX~ does carry .G%* into 
itself. Moreover, since 2?.+ is the norm-closed linear span of all 
functionals w  ,,,(A) = (Ax, y), X, y E 2, it follows easily from the 
weak continuity of 01~ that t -+ p(oll(A)) = olt*p(A) is continuous for 
eachpeB?.+, AE~. 
Because of the natural identification of 5@ with the dual of the 
Banach space W, , the action (Ye* on 9, is weakly (i.e., (9,)’ -) 
continuous. The conclusion now follows from the corollary on p. 306 
0f [12]. n 
Now let (Y~ be a weakly continuous one-parameter group of 
*-automorphisms of ~99’. Taking the ultraweak topology on 9 as its 
“weak” topology, then the hypotheses of Proposition 1.4 are satisfied, 
and for each f E Ll(A?), the map fzra f (t) a$(*) dt is ultraweakly con- 
tinuous. In particular, we may speak of the spectral subspaces 
9@[t, co) _C W of OL defined as in Section 2: 
Byt, co) = {A E w: sp,(A) C [t, co)}. 
LEMMA 1. &[s, co) Si+[t, co) C &?[s + t, 00). 
Proof. We sketch the proof, a routine application of Theorem 2.3 
and Proposition 1.6. 
Fix s E [w, A E 9+[s, co). Define the (ultraweakly continuous) 
operatorl, on 9 by L,B = AB, and define a representation/3, of Ron9 
by /3,(B) = e%,(B) (note that fit is not multiplicative). Then the pair 
OL, B gives rise to a representation ~~(4) = CX~P;’ of R on the Banach 
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space ZW(&?, 9%‘) of all ultraweakly continuous linear maps of @ into 
itself, and y satisfies all the hypotheses (1.5) of Propositions 1.6. 
Because each 01~ is multiplicative, a computation shows that yI(LA) = 
Lat,(,, , where a,‘(A) = e- i%l(A). Since A --f L, is an isomorphism, 
it follows that sp,(L,) = sp,(A) = sp,(A) - s. Moreover, 
because A E .%?&[s, co), and, hence, sp,(L,) C [s, co) - s = [0, co). By 
Theorem 2.3, we conclude that L, maps .C@[t, co) into %[t, co) for 
all t, i.e., A%[t, co) C 9?[t, co) = &%?[s + t, co), as required. n 
LEMMA 2. Let LX, fi be two weakly continuous one-parameter groups 
of *-automorphisms of 9? such that &+[t, 03) C S?[t, CCI) for all t. Then 
al = fil for all t. 
Proof. Define a representation y of Iw on the Banach space 
.A$,(.%?, 9) of all ultraweakly continuous linear maps of 9 into itself 
(see Proposition 1.6) by ~~(4) = /?&XX;‘. 
Recall first that if an ideal in Ll(lR) is closed under complex con- 
jugation, then its hull is closed under the reflection t + -t. It follows 
that if 4 E ZW(99, 9%‘) is such that jf (t) ~~(4) dt = 0 implies 
Jr(t) ~~(4) dt = 0 for each f 6 Ll(R), then sp,,(4) = -sp,,($). Now 
apply this to C$ = id (the identity map of 9). If fE Ll(R) is such that 
ff(t) r,(id) dt = 0, i.e., Jf (t) j!,oly’(A) dt = 0 for every A E 3, then 
we may take adjoints to obtain ff(t) y,(id) dt = 0. Thus, the preceding 
shows that spY(id) = -spJid). 
On the other hand, by Theorem 2.3, we see that the condition 
@([O, CO) + t) C 9?([0, co) + t) (t E R) implies that spy(id) C [0, co). 
Since [0, 00) n [0, a) = {0}, we conclude from the last paragraph that 
spY(id) is the singleton (0). This implies that yt leaves id fixed for each t 
(see the remarks following Definition 2.1), and the desired conclusion 
/31~i’ = id follows. n 
THEOREM 3.1. Let at be a weakly continuous one-parameter group of 
*-automorphisms of 9. Then the following are equivalent: 
(i) There is a strongly continuous one-parameter unitary group 
U, E 9 having nonnegative spectrum such that a,(A) = U,AU,*, A E 9. 
(ii) n, WV, +fl = (0). 
Moreover, when (ii) is satisfied, one may take for U the group 
Ut = /+m eitZ dP(x), 
--m 
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where P( *) is the unique projection-valued measure on 5%’ satisfying 
P[t, cop? = n [siys, m)X]. 
s<t 
Proof. (i) implies (ii). Let U be any representation of R on having 
nonnegative spectrum such that a,(A) = U,AU,*, A E 9, t E R (note 
that we do not asusme that U, E 9%‘). Let P(a) be the projection-valued 
measure associated with U. Then P[t, co) = I if t < 0 (because 
sp( u) 2 0)) and fh [PC& ~)~I = {O}. 
In Corollary 2 of Theorem 2.3, take S = [0, + co), ,9,(A) = U,A Ut*, 
A E 9. Now fix t E R, A E 9i?[t, co). Then sp,(A) C S + t, so that by 
Corollary 2 of Theorem 2.3, we have 
AJr = A[P[O, copq c [P[t, copq. 
Thus, 0, [@[t, OO)Z?] C 0, [P[t, co)Z] = {0}, giving (ii). 
(ii) implies (i). For each real number t, define Qf as the projection 
on ~,,,[.!J@[s, co)%]. Then Qt is decreasing and left-continuous in t, 
Qt --+ 0 strongly as t -+ +co (by (ii)), and Q, = I if t < 0 (because 
9‘*[t, co) contains the identity operator if t < 0). By a familiar con- 
struction (cf. [II], f or example), there is a unique projection-valued 
measure P(e) on R such that P[t, co) = Q2t for all t. 
Now since each subspace [9l’[s, co)%] remains invariant under W’, 
its projection belongs to W by the double cornmutant theorem. Thus, 
P[t, co) E W for each real t, and this implies that 9 must contain the 
entire range of P(e). Thus we may define unitary operators U, E 9!? by 
lJ, = 
s 
+m eitx dP(x), t E R. 
-02 
The group U is obviously strongly continuous, and it has nonnegative 
spectrum because P[O, co) = I, 
Now Lemma 1 implies that Wa[s, co) maps [SP[t, co)%] into 
[~a[s + t, =))=q f or all s, t, and from this, it is clear from the 
definition of P that 9P[s, co) P[t, CO)J? C P[s + t, CXJ)A?. Letting 
B,(A) = utAut*, we see from Corollary 2 of Theorem 2.3 that 
9@[s, 00) c wqs, 03) f or all s. We now conclude that 01~ = /31 from 
Lemma 2. n 
The following corollary is the result of Borchers [5] mentioned in 
the introduction. 
COROLLARY Let W be a van Neumann algebra on Z, and let U, be 
a strongly continuous one-parameter unitary group whose spectrum is 
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nonnegative and which normalizes 9; U@U,* = 22, t E W. Then there 
is a strongly continuous unitary group V, E 92 having nonnegative 
spectrum such that U,AU, * = V,AV,*, AE~, tE[W. 
Proof. Let a,(A) = U,AU 1*, A E 9. The proof that (i) implies (ii) 
in Theorem 3.1 shows that n, [S!?‘“[t, co)Z] = (0) (recall that the 
argument did not require that U, E 9%‘) and so the conclusion is 
immediate from Theorem 3.1. n 
We conclude this section with a brief discussion of the sense in 
which the particular implementing group U, defined in the last 
sentence of Theorem 3.1 can be distinguished from the others. Let 
9 denote the set of all strongly continuous one-parameter unitary 
groups on A& having nonnegative spectrum. We introduce a partial 
ordering U 2 V on 9 to mean Po[t, co) < P”[t, a) for every t E R, 
where Po denotes the projection-valued measure associated with U. 
If we write U, = eiiH, V’t = eitK for U, V E 8, then it can be shown 
that the following are equivalent: 
(i) u 2 V, 
(ii) the operator-valued function t 4 V,U,* belongs to Hw of the 
upper half-plane, 
(iii) H” < K”, n = 0, 1, 2 ,... . 3.2. 
Of course, the inequality (iii) has to be interpreted properly since H 
and K are, in general, unbounded. We omit the proof of 3.2 since we 
do not require the result. However, according to 3.2(iii), the following 
proposition shows that, in a very strong sense, the group Ut construct- 
ed in Theorem 3.1 is the one which gives the smallest nonnegative 
energy. 
PROPOSITION. Let 01~ be a weakly continuous one-parameter group of 
*-automorphisms of a von Neumann algebra B? satisfying Theorem 3.l(ii), 
and let U, E 92 be the implementing group whose projection-valued 
measure is determined by P[t, co)8 = fisCt [%[s, a) 2’1. 
Then for every V E 9’ which implements cy on 92, one has U 2 V. 
Proof. Let Q(e) be the projection-valued measure associated with 
V. Corollary 2 of Theorem 2.3 implies that 
for each s. But Q[O, co) = I because the spectrum of V is nonnegative, 
so that [9%‘[s, co)X] C [Q[ s, co)%]. By definition of P, we conclude 
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that P[t, c.c~) < A,, I Q[s, CO), t E R. But Q[s, co) is left-continuous in s, 
so that the right side of the last formula is simply Q[t, co), proving 
usiv. n 
As a concluding note, we remark that it is easy to see that every 
subset of B has a greatest lower bound relative to 2 (there is a dual 
result for least upper bounds for subsets of 9 which are bounded 
above). Perhaps this remark takes on more significance in terms of the 
criterion 3.2(iii); for in the usual partial ordering on the self-adjoint 
elements of 9(#), p a air of noncommuting positive operators will 
not have a greatest lower bound. 
Finally, observe that the group U constructed in Theorem 3.1 is 
simply the greatest lower bound of the set of all V E 9 which implement 
cuonL@. 
4. DERIVATIONS OF C*-ALGEBRAS 
In this section, we present a constructive proof of a theorem of 
Kadison [13] and Sakai [18] to the effect that every derivation of a von 
Neumann algebra (resp. C*-algebra) is inner (resp. weakly inner). 
The argument follows the line of the preceding section and appears to 
be simpler than the arguments of [13] and [18]. 
We begin with a lemma which is undoubtedly known, but whose 
proof we include for completeness. 
LEMMA. Let X be a Banach space, let D be a bounded operator on X, 
and let U1 = eifD, t E R. Assume that 11 U, )I < M < CO for all t. Then 
sp( U) is contained in the interval [- 11 D II,11 D 111. 
Proof. There is no essential loss if we assume 11 D (1 = 1. We will 
prove that if V, = ei”UI, then sp( V) _C [0, co). This implies that 
q(U) c r-1, a); since the complementary inclusion 
SP(U> _c (-Co, +11 
follows by symmetry, the desired conclusion sp( U) _C [- 1, + l] will 
result. 
Define the operator-valued function f (z), z = x + $J, in the upper 
half-plane y > 0 by f (z) = eLeizD. Clearly f is continuous (relative to 
the norm topology on L?‘(X)) and is analytic for y > 0. Moreover, 
llf(4II G I eiz I * II edZD II- II eeD II 
< CUM 1) e-uD 11 < M, 
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since I/ e-uo 11 < elgl = e” because /I D 11 = 1. Of course,f(x) = V, for 
real x. 
Thus, for each p E X, , the function z -+ p(f(z)) belongs to H” of 
the upper half-plane, and, therefore, JTmg(x) p(f(x)) dx = 0 for 
every g E L1( R) whose Fourier transform vanishes on a neighborhood 
of [0, +a); since p was arbitrary, we conclude that 
s 
a 
--p g(x) v, dx = 0 
for every such g. This implies that sp( I’) C [0, CO), as asserted. n 
THEOREM 4.1 [13, 14, 181. Let 0? be a C*-algebra acting on 8 
which has trivial null space, and let 6 be a bounded derivation of Ol. Then 
there is an operator B in the weak closure of 02 such that &(A) = 
BA-AB,AEQ?. 
Proof. Since every derivaton can be written 6, + i6, where 6, and 
6, are skew-adjoint derivations, it suffices to consider the case where 6 
itself is skew-adjoint. In this case, we define a one-parameter group 
cq = expit8 of *-automorphisms of Q? which is continuous in the 
strongest sense: 11 OI~ - id I/ -+ 0 as t --+ 0. 
Now let @[x, co), x E R, be the spectral subspaces of 02 associated 
with a. By the lemma, we know that sp(a) C [- IIS (1, /I S 111, and this 
implies that gl”[x, co) = GZ if x < - II 6 j/ and @[x, co) = (0) if 
x > Ij 6 II. 
Putting Z!! = [@[x, co)EJ, x E R, the above conditions imply that 
xz = [G!A@] = % if x < - I/ 6 (I and &7X = 0 if x > I/ 6 /I. By the 
same reasoning as in Theorem 3.1, we obtain a projection-valued 
measure P(e) on IR, taking values in ctl”, which satisfies P[x, co)~F = 
f-L,, x, x E UK 
Put U, = J?oo e itx dP(x). We want to show that (Y~ = 77, * U,* on rZ!. 
Note first that the condition @[x, co) @[ y, co) C .@[x + y, co) 
follows from the multiplicativity of each ‘X~ , as in Lemma 1 of Section 
3, and, hence, G+[x, m)[P[ y, co)%] 2 [P[x + y, co)#]. Putting 
Pt(X) = u,xu,*, x E Jqq, we see from Corollary 2 of Theorem 2.3 
that G?~[x, co) C {X E: 5?(x): sps(X) Z [x, co)} for each x E R!. One 
may now argue exactly as in the proof of Lemma 2 of Section 3 
(except that here one replaces ZQ9,9) with the Banach space 
&(a, 9(p)) of all (weak, ultraweak)-continuous linear maps 
4: 6Z + J,?(Z) to conclude that 6, id ol:’ = id, t E R, where id: 
GZ 4 Y(x) is the identity map. Thus, U,ol;‘(A) U,* = A, A E CPI, 
as asserted, 
238 WILLIAM ARVESON 
Finally, the above conditions on the spaces sz imply that P(m) is 
concentrated on the interval [- 11 6 (I, 11 S /I], and, therefore, B = 
JTW x G’(x) is a self-adjoint oprator in GZ” of norm at most (1 6 11. 
clearly, U, = eitB, and so the automorphism /31 = U, * U,* of 9(s) 
has the form BI = exp it ads . By the preceding paragraph, we have 
at = exp itS = exp it ad, on 0Z for every t E R, and so the conclusion 
6 = ad, Ica follows by a routine differentiation. n 
Remarks. The preceding argument shows that if 6 is skew-adjoint, 
then B can be chosen to be a self-adjoint operator in G!” of norm at 
most [I 6 11. Actually, one can do considerably better: B can be chosen 
so that I] B II < Q /I 6 11 (that this is best possible is evident from the 
inequality ]I BA - AB 11 < 2 II B 11 /I A II). For that, we claim the 
operator B constructed in the proof of Theorem 4.1 is positive (the 
assertion follows from this by replacing B with B, = B - 4 /I 6 II, 
because 0 < B < jl 6 II 1). By the definition of B, it suffices to show 
that the projection-valued measure P is concentrated on the interval 
[0, co) or, equivalently, that a[--~, co)% is dense in &for every E > 0. 
Fix E > 0, and choose x in 3, x I a[---~, co&Z. It is elementary 
that there exists a continuous nonnegative function f in Li(R) such 
that f (0) > 0 and j lives in [-E, +E]. For each A in GZ, the operator 
C = JTEf(t) ar(A*A) dt belongs to a[-~, +E] Z a[--~, co) (see the 
proof of Proposition 2.2), and, therefore, J?z f (t)(q(A*A)x, x) dt = 
( CX, X) = 0. By continuity and the properties off, we may conclude that 
(q(A*A)x, x) = 0 f or all t in a neighborhood of t = 0, and, in 
particular, I[ Ax II2 = (ol,(A*A)x, x) = 0. Because U has trivial null 
space, it follows that x = 0, as required. 
Second, we remark that the hypothesis that 6 is bounded can be 
dropped from Theorem 4.1 (see [17]). 
Finally, Theorem 4.1 implies a stronger version of itself, viz. that 
every (bounded) derivation of Q? is weakly inner in the sense that for 
every *-representation rr of GZ, there is an operator B E rr(Gf)” such 
that &(A) = Bv(A) - n(A)B, A E GY. The proof, a standard 
argument using the imbedding of GY in its bidual, is left for the reader. 
5. AN F. AND M. RIESZ THEOREM FOR C*-ALGEBRAS 
A classical theorem of F. and M. Riesz asserts that if p is a nonzero 
complex Bore1 measure on the unit circle which is analytic in the sense 
that its negative Fourier coefficients all vanish, then p is mutually 
absolutely continuous with respect to Lebesgue measure. This theorem 
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has received much attention and has been greatly generalized, mainly 
along two lines. In one direction, the theorem finally appears as an 
extremely general statement about the annihilating measures of 
function algebras [lo]. In another direction, it evolved into a theorem 
about quasi-invariant measures for flows on compact HausdorfI spaces 
[6, 91. In this section, we prove a theorem which is a noncommutative 
generalization of the main result of [9]; in this setting, the result gives 
a sufficient condition for the covariance of cyclic representations of a 
C*-algebra A relative to a given one-parameter group of *-auto- 
morphisms of A. 
Let A be a C*-algebra, and let 01~) t E R, be a one-parameter group 
of * -automorphisms of A, both of which will be fixed throughout this 
section. We will assume that at is strongly continuous in the sense that, 
for each a E A, the function t + at(a) moves continuously in the norm 
of A (note that this is equivalent to the formally weaker requirement 
that t ---f p(al(a)) be continuous for each p E A’, a E A; see p. 306 of 
[12]). If we define A, as the entire dual A’, then a satisfies Assumption 
1.1, and we may speak of the spectral subspaces A[t, cc), t E IF! (since 
01 will be fixed, we have suppressed the superscript in the notation 
44 a)). 
Now since each at is multiplicative, a minor variation of the proof of 
Lemma 1 of Section 3 shows that A[s, cc) A[t, co) C A[s + t, cc) for 
all s, t E R (this detail is left for the reader); in particular, A[O, cc) is 
a subalgebra of A. We shall consider instead the somewhat smaller 
subalgebra A, = (IJE,O A[E, CD))-, where the closure is in the norm 
topology (equivalently, the weak topology). In the following result, Hm 
denotes the algebra of all functions h E L”( IR) such that Jtzf( t) h(t) dt = 
0 for every f ELl(R) such that j: lives in some interval [E, +co), 
E = Ef > 0. 
PROPOSITION 5.1. Let p E A’. Then the following are equivalent: 
(9 P I 4 * 
(ii) t -+ p(al(u)) belongs to HWfor every a E A. 
Proof. (i) implies (ii). Choose E > 0 and f E Ll(Iw) such that i lives 
in [E, cc). Then for each a E A, the element b = Jf(t) a,(a) dt has its 
spectrum (relative to a) in the closed support of f, so that 
b E A[E, co) C A, . Thus, p(b) = 0; hence, Jf(t) ~(ol~(u)) dt = 0. Since 
E > 0 is arbitrary, this gives (ii). 
(ii) implies (i). Fix E > 0, and choose 0 < 6 < E. Iff E Ll(R) is such 
that i lives in [S ,a), then p annihilates every element of the form 
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b = Jf(t) f%(a) 4 a E A. By Proposition 2.2, ~1 I A[E, co), and since 
E is arbitrary, it follows that p 1 A, . n 
If p satisfies (ii) or (i) above, it will be called an analytic functional. 
The terminology derives from the fact that for each a E A, (ii) implies 
that there is a bounded analytic function in the upper half-plane 
x = x + zj~, y > 0, which has the function p(&u)) is its boundary 
value (in an appropriate sense) as y +- 0. 
We digress momentarily to relate this to the classical setting for the F. 
and M. Riesz theorem. Let X be the unit cirlce {I x ( = l} in the complex 
plane, and let A = C(X). Define a one-parameter group of *-auto- 
morphisms OI~ of C(X) as follows: orJ(x) =,f(e%), t E R, x E X. Let p 
be a complex Bore1 measure on X. Then one may see easily that the 
linear functional determined by p has property 5.1(i) iff f zn &(z) = 0 
for every n > 1. In this case, the algebra A, corresponds to all func- 
tions in the disc algebra which vanish at z = 0. See [6] and [9] for a 
fuller discussion of this commutative setting. 
Returningnow to the general discussion, let t.~ be anarbitrarybounded 
linear functional on A. Let n be the representation of A associated 
with the variation 1 ,u 1 of p via the Gelfand-Segal construction. Thus, 
there is a cyclic vector x for r(A) such that 1 p j(a) = (rJa)x, x), 
a E A. As a consequence of the polar decomposition of p, we see that 
there is a partial isometry V E Z-~(A)” such that 
(i) V*Vx = x, and 
(ii) ~(a) = (rr(a)x, Vx), a E A. (5.2) 
Moreover, the conditions (5.2) determine 77, x, V uniquely up to an 
obvious unitary equivalence. 
The following theorem asserts that when p is analytic, then 7r is 
covariant relative to the group at. 
THEOREM 5.3. Let TV # 0 be analytic, and let n be the representation 
associated with p via 5.2. Then there is a strongly continuous one- 
parameter unitary group U, on the space SC? of rr such that 
m,(a) = U,7r(a) Ut*, acA, tE R. 
Proof. Let V E 77(A)” and x E Z? satisfy the conditions 5.2. For 
each t E Iw, let 
8<t 
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We claim first that lJ t %t is dense in Z?. Since (Jt s1 contains 
Ut bM4 cQ)M and x is cyclic for r(A), it suffices to show that 
(J1 A[t, co) is norm-dense in A. But the latter contains every element 
of the form Jf(t) E,(U) dt, where f E L1(BB) is such that j’ has compact 
support. So if h E A’ annihilates (Jt A[t, co), then Jf(t) h(ol,(a)) dt = 0 
for every suchfand every a E A. Fixing a, it follows that x(ol,(a)) = 0 a.e. 
(dt), and, by continuity, we see that h(a) = X(a,(u)) = 0. This proves 
that the linear space lJ1 A[t, co) is norm-dense in A. 
Now put %‘& = 0, GJ?~ . We claim next that cj, = (0). Note first 
that T(A) leaves yx6, invariant. Indeed, the relation 
A[s, co) A[t, co) c A[s + t, co) 
implies that r(A[s, co))[n(A[t, co)) x is contained in [71(A[s + t, co))x] ] 
for all s, t, and, hence, r(A[s, co)) Zt C e+l . This shows that 
n(A[s, co)) J& C sm for all s, so that n(A) yi”, C Zm follows from the 
fact that (Jt A[t, KI) is dense in A. To see that YL?? is trivial, we know 
from Proposition 5.1 that p annihilates A[t, co) for every t > 0, i.e., 
rr(A[t, 00))x J. Vx for t > 0. In particular, J& I_ Vz By the preceding 
lines, it follows that n(A) z&& 1 Vx, or, equivalently, Za J- r(A) Vx 
because n(A) is self-adjoint. Since V* E r(A)“, V*Vx = x, and 
[n(A)x] = H, it follows that %a 1 3. The claim *m = {0} follows. 
As in the preceding sections, we now obtain a projection-valued 
measure P(o) on IF!? satisfying P[t, co) 2 = Z1 , t E [w. We will 
complete the proof by showing that the unitary group U, = 
Jzm eitZ dP(x) satisfies 7mt(u) = Up(u) Ut*, a E A. 
We know that n(A[s, a)) maps %t into f18+t . So if /3,(X) = U,XU,* 
denotes the * -automorphism of g(.R) implemented by U, , then 
Corollary 2 of Theorem 2.3 implies that 7~ maps A[s, co) into 
Z[s, co) = (X E Z(iTi?): sps(X) c [s, co)), for every s. 
Now, applying Theorem 2.3 (along with Proposition 1.6 and 
Remark 1.7) to the map rr: A + Z’(Z), taking the usual weak 
topology on A and the ultraweak topology on Y(Z), we conclude that 
the spectrum of r relative to the one-parameter group ~~(4) = pt+;l 
(acting on the Banach space of all (weak, ultraweak)-continuous linear 
maps of A into Z(Z)) is contained in [0, co). Since /3, ,7~, and ol;’ are 
all self-adjoint, the symmetry argument used in the proof of Lemma 2 
of Section 3 shows that spy(r) consists of 0 alone, and thus /3~a:l(a) 
is constant for each a E A. The required conclusion rr~l~ = UprUt* 
follows. n 
As in [9], one may deduce that pFLt = p 0 01~ is a norm-continuous 
function of t: 
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COROLLARY. If p E A’ is an analytic functional, then 
Proof. Writing ~(a) = (n(a)x, y), y = ?‘x, then in the notation 
of Theorem 5.3, we have ~~(a) = (m,(a))x, y) = (n(a) U1*x, U,*y), 
and the usual sort of estimate gives 
I Pt(4 - 441 ,< II a Ml ut*x - x II . II Y II + II ut*y - Y II . II x II). 
The assertion follows from the strong continuity of U, . w 
6. CONCLUDING REMARKS 
There are a number of questions that have arisen naturally in the 
above context and which appear to merit further study. 
For example, Borchers’ theorem [S] in its general form involves 
representations of Rn+l rather than representations of R, and in place 
of the additive semigroup [0, + co), one has 
s = {(x, t) E R” x R: 11 x 11 < t}, 
where ]I x I] denotes the Euclidean norm of the vector x E R”. It is 
natural to ask if one might prove Borchers’ result (or better, a version 
of Theorem 3.1) in this setting. The results of Section 2 are formulated 
so that they remain valid here, and A. Connes has pointed out that 
the projections corresponding to the Qt of Theorem 3.1 belong to the 
center of the fixed point algebra of the group ~ll~ . These projections 
therefore commute, and one would expect that this line of argument 
can be completed. 
Another body of questions arises in connection with the nonself- 
adjoint algebra A,, of Section 5 and the larger algebra A, = A [0, co). 
(Incidentically, we remark that A, is an ideal in A, .) For example, 
one can deduce from Proposition 5.1 that the annihilator of the self- 
adjoint linear subspace A,, + A,, * of A consists precisely of all bounded 
linear functionals p on A such that pat = p for all t. Thus, the norm- 
closure of A,, + A,* appears as the common null space of all 
a-invariant states. 
On the other hand, the self-adjoint subalgebra D = A, n A,* of Al 
consists of all invariant elements of A. One would hope to get useful 
information about the automorphism group at by studying these 
algebras, For example, under what conditions on 01 will there exist a 
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positive expectation I#J of A on II which is multiplicative on A, ? The 
existence of such a I#I would make available the techniques of [I, 21. 
Perhaps the relevant condition on 01~ that will lead to such a map + is 
that it be almost periodic in the sense that t + p(al(a)) is an almost 
periodic function for each a E A, t.~ E A’. See [19] for a discussion of 
related questions in the context of von Neumann algebras. 
Finally, the results of [16] in the commutative case suggest other 
directions and probably carry over to the context of C*-algebras. 
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